We compute scattering patterns for four triply periodic surfaces ͑TPS͒. Three minimal-Schwarz P (Im3 m), Schwarz D-diamond ( Pn3 m), Schoen G-gyroid (Ia3 d), and one nodal S1 (Ia3 d). Simple approximations are adopted to examine the influence of the molecular form factor, and the Debye-Waller factor on the scattering pattern. We find that the Debye-Waller factor has a much smaller influence on the scattering intensities of TPS than on the intensities of the lamellar structure consisting of parallel surfaces. This is caused by an almost spherelike distribution of normal vectors for TPS. We give a simple formula that allows a comparison of the experimental scattering data with the data for the P, D, G mathematical surfaces. Finally, the spectra of the two surfaces G and S1 of the same space group symmetry and different topologies are compared. It is found that in the case of the more complex S1 structure the intensities of the first two peaks are very small.
I. INTRODUCTION
The small-angle x-ray and neutron scattering experiments are widely used to determine the symmetry and structure of self-assembling systems. Still, in the case of the structures formed by a surfactant surface in binary ͑with water͒ and ternary ͑with oil and water͒ mixtures, it is often hard to exactly determine the type of topological phase in the system. The pioneering work in this field was done by Luzzati et al. 1, 2 They showed that the mesoscopic structure of surfactant aggregates could be more complex than spheres ͑mi-celles in microemulsion͒, cylinders ͑hexagonal phases͒, or planes ͑lamellar phases͒. Scriven 3 was the first one to propose triply periodic minimal surfaces as a possible realization of the bicontinous structures in ternary mixtures. Since then the scattering techniques were often used to monitor the structural phase transitions; see, for example, Refs. 4-8. All these works indicate that the SAXS and SANS are powerful tools that provide information on the symmetry of the structures present in the system. Yet, the x-ray diffraction data are not always conclusive: due to the generally small number of reflections, an accurate reconstruction of an electronic map of the cubic cell is often impossible. Even once the space group is rigorously established, there is still the question as to the identity of the minimal surface and thus the topology of the structure. For example, the first report on the observation of a periodic surface in block copolymers was done in 1986 by Thomas et al. 9 They identified the surface dividing A monomer rich and B monomer rich domains as the Schwartz minimal surface D. It took nine years until Hajduk et al. 10 in 1995 gave the correct identification of this structure as the G gyroid minimal surface ͑both surfaces are shown in Fig. 1͒ . It proves that even for structures of different space symmetry groups, the exact determination of them may be very difficult and thus a theoretical analysis of the scattering spectra is still needed.
The first example of a triply periodic minimal surface ͑TPMS͒ free of self-intersections was introduced by Schwarz in 1865. 11 It is now known as the Schwarz diamond D surface. Since then strong theoretical arguments of symmetry such as the minimization of the bending energy of the symmetric bilayer supported the picture of such surfaces as the model of the surfactant bilayers. These theoretical procedures lead to the discovery of many new TPMS. 12 Theoretically the world of self-assembly is very rich in many simple and complex periodic structures of cubic symmetry. Many of them have the same space group symmetry, even though their topologies are drastically different. It would thus be interesting to be able to determine from SANS or SAXS both the symmetry and topology of the structure in surfactant solutions.
Mackay 13 and Anderson 14 have computed the scattering amplitudes for few mathematical surfaces. Still the results had no practical impact since the computation method did not take into account the bilayer thickness and fluctuations. In the case of the G structure, both the molecular form and Debye-Waller factors have been included in the calculation conducted by Clerc and Dubois-Violette, 15 which provided very good fits with experimental data. Still, as the authors concluded in their work, 15 the calculations were made for a surfactant bilayer with a constant density independent of the local curvature, and the Debye-Waller factor characterized only isotropic displacement of the film while real surfactant bilayers fluctuate only in the direction normal to the surface. 16 In the two other directions the membrane has a liquid structure.
It was our original motivation to adopt a simple model of the density of the scatterers in the surfactant layer and its a͒ Electronic mail: garst@saka.ichf.edu.pl dynamics to present a method of obtaining scattering intensities for various structures that can be compared with the experimental results and thus help in determining the structure type. Figure 1 shows the zero width-mathematical surfaces of the P, D, G, and S1 structures. To compute the scattering intensities for these TPS, we adopt a simple numerical procedure. The surfaces are determined by the condition f (r) ϭ0, where f (r) is a scalar field, in three cases ͑P, D, G͒ taken from a minimization procedure conducted by Góźdź and Holyst 12 and in one case ͑S1͒ from the nodal approximation. 17 Then the surfaces are triangulated. Each triangle becomes a point scatterer. Then at each point we introduce a surfactant molecule. For simplicity, the calculations are shown for a very simple nucleus density distributed uniformly along the molecule. Then each scatterer is allowed to fluctuate independently. We find that fluctuations do reduce the intensity of the scattering, yet this effect is surprisingly small and much less important than in the case of smectic liquid crystals. 18 Finally, we have made an attempt to compare two structures ͑G and S1͒ of the same space symmetry group Ia3 d. G is the structure with a simple topology ͑Euler characteristic per unit cell ϭϪ8͒, while S1 17 is a much more complex one (ϭϪ48). The S1 structure is also more complex than the S surface 19 for which ϭϪ40. The scattering intensities including the molecular form factor and the Debye-Waller factor indicate, that in the case of complex structures, the short wave vector peaks are rather small, while higher-order peaks become dominant. Thus, the shift of the intensities toward longer wave vectors may indicate a higher complexity of the system. The paper is organized as follows. Section II is devoted to the presentation of the model of the density of the scatters and numerical methods used in the computation of the scattering intensities. In the third section the results for the mathematical surfaces, finite width surfaces and fluctuating surfaces are shown and discussed. The fourth section contains the summary of our results and discussion.
II. MODEL
The triply periodic minimal and nodal surfaces divide the volume into two continuous and separate subvolumes. In binary mixtures two physical realizations of a minimal surface are possible. One is a direct phase in which a water film is centered on the surface and surfactant molecules are filling the two subspaces. The second case is an invert phase in which the surface is decorated by a bilayer of surfactant and the two subspaces are filled with water. In our work we focus on the invert phase.
The binary mixture can be modeled by a concentration field function f (r) taking positive values in one subvolume and negative in the other. Still, the fact that the field function takes opposite signs in the two subspaces has no experimental significance but is only related to the mathematical procedure. The condition f (r)ϭ0 determines the mathematical surface decorated by the surfactant molecules. In the case of the minimal surfaces P, D, G we have the concentration field from the minimization procedure. 12 It is given on a cubic lattice inside a unit cell. Typically the lattice spacing is of the order of 1/50 of the linear size of a cell d.
Once we determine values of the field f (r) on the lattice inside the unit cell, we triangulate the surface on which f (r)ϭ0. In this way we obtain a set of, typically 50 000, triangles covering the whole surface in a unit cell. In real mixtures the surfactant molecule head covers the area of the order of 50 Å 2 . The linear size of a unit cell is of the order of dϳ200 Å or bigger. In simple structures the surface area per unit cell is of the order of 5d 2 . In more complex ones it is bigger than 10d 2 . 12 This gives aproximately about 10 000 or more of the surfactant molecules per unit cell, which shows, that triangles covering the surfaces are small enough to obtain reliable spectra. The scatterers used in computing the scattering intensities are positioned in the middle of each triangle and given the weight equal to the surface area of the triangle. Also, each scatterer is associated with a unit vector normal to the surface, which allows us to take into account the effects of the local curvature.
Our interest is focused on the surface contrast. To our knowledge it is best realized in neutron scattering experiments when the hydrophobic surfactant chains are deuterated. If we take (r) as the density of the scatterers in the unit cell, the neutron diffraction intensity, I(k) is the Fourier transform of the density-density correlation function, I͑k͒ϭ͗A͑k͒A*͑k͒͘
In a unit cell the density operator can be written in the following form: Here n(r) is a unit vector paralel to the gradient of the field f (r), u(r) is the fluctuation amplitude, and M () is the molecular density operator equal to
where L is the width of the hydrocarbon part of the surfactant bilayer. We assume that the f (r)ϭ0 surface is located in the middle of the surfactant bilayer. As we see from Eq. ͑2͒ the surfaces fluctuate along their normals. 16 The average in Eq. ͑1͒ is over the distribution of the fluctuation amplitudes u(r).
We assume that the multiple scattering of the incident beam in the sample can be neglected. In general, the x-ray multiple scattering can be neglected because the Thompson cross section for electron-photon scattering is very small. In the case of neutron scattering the same assumption is fully justified.
The scattering amplitude,
can be represented by the sum over the points on the surface and the integral along the vectors normal to the surface ͚ jϭ1 N s j ͐d:
where s j is the surface area of the jth triangle, and n j is a unit vector normal to the surface at the jth point. Please note that the summation over j in Eq. ͑5͒ is over the surface given by f (r)ϭ0. This point is justified because the total number of scatterers on the surface f (r)ϭ0 is the same as on any surface f (rϪn)ϭ0 for ͉͉ϽL/2. On a flat surface the surface area s j () per one scattering rode is constant and equal to s j . When the surface bends the s j () is given by the formula s j ()ϭs j ͓1ϩ2HϩK 2 ͔, 20 where is negative if the displacement is toward the closest center of curvature, positive otherwise, H is the mean curvature, and K is the Gaussian curvature for ϭ0 at the jth point. In this way the surface density of scatterers increases towards the center of curvature and decreases otherwise, but the total number of scatterers remains constant. Now the amplitude can be rewritten in the following form:
Assuming no correlations between fluctuation amplitudes, we obtain the scattering intensity I(k):
where ͗u 2 ͘ can be calculated from the theory of elasticity for membranes. The equation for ͗u 2 ͘ is given in the work of Bruinsma:
where is the Helfrich bending energy, ញ ϳL 2 and ⌫ 1 Ϫ⌫ 4 are positive constants. Without the precise knowledge of these constants we are not able to compute the ͗u 2 ͘.
Therefore we have calculated the scattering intensities for several fluctuation amplitudes ͱ ͗u 2 ͘ from 5% to 25% of the bilayer width.
Since we do not compute the scattering patterns for any specific surfactant molecule, the width of the hydrocarbon part of the surfactant bilayer has been estimated upon geometrical considerations. We have varied the volume fraction of the surfactant bilayer in the unit cell from 40% to 60%.
III. RESULTS
First of all we have computed the scattering intensities in the case of ͗u 2 ͘ϭ0 and Lϭ0 from Eq. ͑7͒, performing the summation over the surface in the unit cell. The first columns of Tables I-III present the scattering intensity J 0 (k) peaks for the zero width (Lϭ0), nonfluctuating (͗u 2 ͘ϭ0) mathematical surfaces of TPMS P, D, G. The signs given in parentheses are the signs of the amplitudes. To obtain the magnitude of an amplitude form these data, one has to take a square root of the intensity. The signs and magnitudes allow us to determine the electron density map, which, in general, can be compared with transmission electron microscopy data.
The results are in agreement with the space group symmetry of these surfaces. The peaks prohibited by the reflection conditions are smaller than 10 Ϫ7 . The structure factor of these surfaces makes a few of the allowed peaks also very weak. In the tables only the values of the intensities of the allowed peaks are presented. They are in a very good agrement, both in the signs and magnitudes, with the amplitudes presented by Anderson 14 and Clerc and Dubois-Violette. 15 Most of them differ at most by 0.1% and only a few differ by up to 4%. Comparing the data for the D surface one has to be extremely careful. Anderson has computed the scattering amplitudes for the lattice fundamental region, which has the surface area equal to one-half the area of the surface in the unit cell. Thus, the amplitudes have to be multiplied by 2 and next squared to be compared with the scattering intensities presented in Tables I-III . Another thing that has to be re-membered, is that in order for the ͑hkl͒ indices to obey the reflection conditions of the space group Pn3 m, they have been divided by 2, which has not been done in the work of Anderson.
The same tables I-III contain scattering intensities for finite width surfaces. Out of several widths we have presented the ones that occupy 40% and 60% of the unit cell volume, since these values are comparable to the volume fraction of surfactants in real binary mixtures. The molecular form factor:
at the jth point reduces the intensity of the Bragg peaks, as is evident from the table.
A very simple analysis can explain the influence of the molecular form factor on the scattering intensity. It is based on the observation that the P, D, G surfaces have almost spherelike distribution of normal vectors. 21 We now consider a scattering intensity function for a simple cubic structure with a sphere inside a unit cell with a sphere radius equal to 1:
͑10͒
It is important to remember that the ''sphere crystal'' is an abstract model. One should not look for any physical analogies of it. It only serves as a model giving correct predictions of the molecular form factor influence on the scattering pattern. We have found that the scattering intensity function for this structure, including the molecular factor divided by the function ͑10͒: 
͑11͒
is comparable to the analogous function calculated for the periodic surfaces P, D, G:
͑12͒ Figure 2 shows a line given by the values of the function Eq. ͑11͒, for ͉k͉ computed in the maxima of I 0 (͉k͉), Eq. ͑10͒, and interpolated between them. It has been computed for the layer width L giving the layer volume equal to 60% of the unit cell volume of the P, D, G structures. The points shown in Fig. 2 are computed by dividing the scattering intensity, including the molecular factor by the intensity for the zero width P, D, and G surfaces, Eq. ͑12͒. We remind here that in the case of the D surface the ͑hkl͒ indices have been divided by 2, as it has been explained at the begining of this section. It is quite surprising that the molecular form factor reduces the intensities of the Bragg peaks just like the intensity for the sphere:
Function ͑11͒ shows a quick decay with increasing ͉k͉. Still, intensities of the first few peaks are not reduced to zero.
The scattering intensities including the Debye-Waller factor:
are presented in Tables IV-VI . For the purpose of the analysis we have not included the molecular form factor here. In each case we compute the scattering intensities for the fluctuation amplitude equal to a certain percent of the width of the hydrocarbon part of the surfactant bilayer that occupies 60% of the unit cell volume. The data is presented only for ͱ ͗u 2 ͘ equal to 5% and 25% of L. The Debye-Waller factor does reduce the intensities of the Bragg peaks, still this effect is fairly small. The computed peaks are at most two orders of magnitude smaller than those for a nonfluctuating surface. Again we have based the analysis of the influence of this factor on the scattering intensities for the sphere. For the Debye-Waller factor the function similar to ͑11͒ reads as
and the similar ratio for the structures P, D, and G:
͑16͒
Functions ⌬ S given by Eq. ͑15͒ and ⌬ P,D,G given by Eq. ͑16͒ are shown in Fig. 3 . Again, the Debye-Waller factor reduces the scattering intensities for the TPMS just like for the sphere:
͑17͒
The first peaks up to 400 ͓͑200͒ in the case of D͔ are not strongly suppressed by this factor. The function, Eq. ͑15͒, computed in the maxima of I 0 ͓Eq. ͑10͔͒ shows a Gaussian decay, which agrees with the Gaussian form of the Debye-Waller factor. Still this decay is much slower than for the lamellar structures. 13 Finally, we have computed the scattering spectra including both the molecular and the Debye-Waller factors. In the analysis we introduce the intensity ratio for a sphere:
and for the P, D, G structures:
. ͑19͒ Figure 4 shows that again the Bragg peaks for P, D, and G structures are reduced according to ͑18͒:
͑20͒
Apart from the known TPMS ͑P, D, G͒, we have also studied the scattering spectrum of the nodal S1 surface. 14 Figure 5 shows ⍀ S1 ͓similar to ⍀ P,D,G , Eq. ͑19͔͒ calculated at the Bragg peaks of the S1 structure and the function ⍀ S , Eq. ͑18͒ for a comparison. We note that in the case of two peaks ͑220͒ and ͑440͒ the intensity of the finite width, fluctuating surface is bigger than the intensity for the mathematical surface. ⍀ S1 (220)ϭ74.5 and ⍀ S1 (440)ϭ34.4. Still both these peaks are rather weak, I(220)ϭ1.788ϫ10 Ϫ3 and I(440)ϭ1.025ϫ10
Ϫ3 . The intensity of the peak ͑400͒ has not been changed by the molecular form and the DebyeWaller factors. The rest of the peaks are located on the line given by Eq. ͑18͒. Even though the values of both the molecular form and the Debye-Waller factors are always smaller than one, they can increase the height of some peaks. This is caused by the fact that the scattering intensity function, Eq. ͑7͒, cannot be represented by a simple multiplication of the structure form factor, the molecular form factor, and the Debye-Waller factor.
Directions ͑hkl͒ in which the ratios ⍀ P,D,G,S1 are not located near the line given by ⍀ S should have a distribution of normal vectors significantly different from the distribution for a sphere and thus characteristic for the explored surface. These directions should provide useful data in the determination of the surface via the NMR studies. 22 Figures 6 and 7 show the scattering intensities for the G and S1 structures. From Fig. 7 one sees that for the G surface the first two peaks are dominant, while in the case of the S1 structure only the higher-order peaks are large enough to be determined experimentally.
IV. SUMMARY
We have found that the influence of both the molecular form and the Debye-Waller factors can be very well modeled by the scattering function for the sphere. This analysis provides a simple mathematical tool that can faciliate examining experimental scattering data. Having an experimental scattering intensity function I E and knowing the unit cell size 5 . The ratio ⍀ S1 (k) ͓Eq. ͑19͔͒. The legend is the same as in Fig. 3 .
The data of J 0 (k) is presented in the first columns of Tables  I-III for the P, D, and G structures and for the S1 surface in Fig. 6 . Comparing the functions ⍀ P,D,G,S1 with the function ⍀ S , one can determine the directions in which the given structure has the distribution of normal vectors significantly different from the distribution for a sphere. These directions will provide NMR spectra characteristic for the given structure.
The comparison of the scattering intensities for the G and S1 structures of the same space group symmetry Ia3 d suggests that complex structures have the low-order peaks very small. This effect may, in principle, cause their misdetermination.
